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Abstract 

We use the recent findings of Cohl [arXiv: 1105. 2735] and evaluate two integrals 
involving the Gegenbauer polynomials: /_!!i df (1 — t'^)''^~^'^{x — t)~'^~^''^Cn{t) and 

r^ ■ J^dt (1 - t^)^-^/'^{t - x)-'^-^/'^C^,{t), both with Re A > -i, Re«: < §, -1< x < 1. 

j^ , The results are expressed in terms of the on-the-cut associated Legendre functions 

P^~^_-^^,^{±x) and Q^T_;^_j^/2(a;)- In addition, we find closed-form representations of the se- 

ries Er=o(±)"[('^ + >^)/^]P:+ti/2i±^)Cnit) and Er=o(±)"[(« + ^)/m:^Li/2i±^)Cn{t), 
-. both with ReA > -i, Rbk < i, — 1 < i < 1, — 1 < a; < 1. 
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t^ ■ 1 Introduction 

o : 

Recently, Cohl [Ij has derived the integral formula 

n + X f' (1 - t^)^-'/^C^{t) _ i,(^_,^ ^{n + X)T{n + 2A) 2 _ l^(A-K)/2^-.-A / ^ 

k> ; A i_i (z-t)«+i/2 2^-3/2n!r(A + l)r(K+i)^ ' ^n+A-l/2l^^ 

H; (ReA>-i, kgC, zeC\(-oo,l]), (1.1) 

where C^{t) is the Gegenbauer polynomial, while Q'^iz) is the associated Legendre function of the 
second kind. The integral (11.11) generalizes the Gormley's result [5] 

n + X r , Al-t')^-'^'C^{t) _^i,(;,_i/2) V^(" + A)r(n + 2A) ,^2 ^^(A-l/2)/2ol/2-A .^ 
~irj_, 7~t -' 2>-3/2n!r(A + l) ^' '^> ^«+A-i/2(^) 

(ReA > -i, zeC\ (-00,1]), (1.2) 

which, in turn, is an extension of the celebrated Neumann's integral formula [3] 

^ P (f) 

dt^ = 2Q„(z) (zeC\[-l,l]), (1.3) 

_i z — t 

where P„(t) is the Legendre polynomial. The factor {n + A) /A appearing in front of the integrals 
in Eqs. (|l.ll) and (11.21) (and also at some other places in the text) is only seemingly awkward and 
has been introduced to avoid the difficulty one otherwise encounters when A — > 0. 



From Eq. p.ip and from the closure relation for the Gegenbauer polynomials, which is 

^ ,^r(n + 2A) "^ ^ "^ ^ (l_;2)(A-l/2)/2(l_i/2)(A-l/2)/2 

(ReA> -i, -1< t,t' < 1) (1.4) 

(here 5(t — t') is the Dirac delta function), one may deduce the summation formula [1] 

n + X,^.-X ,.,^A,.^ „i.(«-A) 0?r(«:+i) (,2 _ i)(K-A)/2 



E^^n;tv2W^«w = ^"''^~'' 



2 



n=0 



A ^«+A-i/2v ^ «w 2^+i/2r(A + l) (2-^)^+1/ 

(Re A > -i K G C, -1< t < 1, z e C \ (-00, 1]). (1.5) 



The particular case of this relation with k = A has been known before 01 P- 183]. For k = A = 1/2, 
Eq. (|1.5p reduces to the Heine's identity 

V(2n + l)Q„(z)P„(i) = 7, (-l<t<l, zeC\(-oo,l]). (1.6) 

In Sec. [5] of this communication, we show that one may use the relation in Eq. (jl.ip to evaluate 
some further definite integrals involving the Gegenbauer polynomials. Furthermore, in Sec. [S] we 
exploit the identity (jl.Sp to determine closed-form representations of some series involving the 
Gegenbauer polynomials and the associated Legendre functions on the cut. While particular cases 
of the relations we arrive at in the present work, corresponding to specific choices of the parameters 
A and k, may be found in the literature on special functions, we are not aware of any appearance 
of these relations in their most general forms derived below. 

Throughout the paper, it is understood that 

iz^-ir = {z-l)"iz + ir (|arg(z±l)|<7r). (1.7) 

2 Evaluation of some definite integrals involving the Gegen- 
bauer polynomials 

Let us assume that Re k < ^ . We proceed to the investigation of the limit of the formula in Eq. 
(11.11) as z — ?► X ± iO, with — 1 < x < 1. Exploiting the identities 

a:±iO + l = l + x, xiiO- 1 =e=^"(l-a;) (-1 < a; < 1) (2.1) 

and 

,„ r I'TT 

(-l<x<l), (2.2) 



e-'''''£l'i{x±iO)=e^'''^'/^ 



rA^)TjPi;ix) 



where Plf{x) and Q'^{x) are the associated Legendre functions on the cut, we obtain 
n + A /■i^^(l-i2)A-i/2^A(^) - V^(^ + A)r(n + 2A) 



A 7-1 (x ± iO - t)«+i/2 2^-3/2n!r(A + l)r(«;+i) 

X (1 - X ) " '9^+A-i/2(^) T y-P^+A_i/2(a^) 

(ReA > -i, ReK< i, -1 <x < 1). (2.3) 

(The reason for imposing the above constraint on n is now clear: we have had to exclude a non- 
integrable singularity at i = x that otherwise occurs.) Since it holds that 

X ± iO - 1 - I 'V ^ (* < ^) (2 A) 

^^'" ^"1 e±'"(t-x) (i>x), ^ ' 



we may split the integrals appearing on the left-hand side of Eq. (|2.3p as follows: 



1 (a; ± iO - t)«+i/2 A J _^ (x - i)«+i/2 

(RcA> -i, ReK< i, -l<a;< 1). (2.5) 

If we insert Eq. (12.51) into Eq. (|2.3p . and then equate separately terms corresponding to the choices of 
the upper and the lower signs on both sides of the resulting equation, we arrive at an inhomogeneous 
algebraic system for the two integrals standing on the right-hand side of Eq. p.5p . Solving this 
system, and using the well-known identity 

r(^)r(l-^)-imR)' (2-^) 

we obtain 

n + X r H, (1 - ^')''^^'gn W _ V^(" + A)r(n + 2A)r(l - n) ,(,_,y,, 

(i-x)«+i/2 2^-i/2„!r(A + l) ^ ' ^«+A-l/2W 



(ReA > -i, RcK < i, -1 <a; < 1) (2.7) 



and 



A r ^^{i-t'r-'/'c^At) 



A 7_i {x-t)^+y^ 

(ReA > -i, ReK< i, -1 <x < 1), (2.8) 

respectively. The right-hand side of the latter equation may be simplified considerably after one 
exploits the known relatioro 

P>;{-x) = Pi;{x)cos[Tr{iy + i^i)]--Q'i{x)sm[TT{i^ + ^i)] (-K a; < 1) (2.9) 



and the identity ()2.6p . This yields 



^+A r ^^ii-e)'-'^'c^it) 



A y_i (a;-t)''+i/2 

_ V^(n-fA)r(n + 2A)r(l-.) _ 2.(A-.)/2p.-A , . 

-^ ^ 2^-i/2n!r(A + l) ^ ^ ^n+A-i/2l 2;j 

(ReA> -i, RcK < i, -1 <a; < 1). (2.10) 

Equation (|2.10p may be also derived from Eq. (|2.7p after in the latter one makes the simultaneous 
replacements i — )• — i and x — )• —x, and subsequently exploits the property C^{—t) = (— )"C;^(t). 

Equations (12. 7p and (j2.10p constitute the result of this section. Their particular cases, corre- 
sponding to making the choices A = ^ and k = 0, may be found, albeit with the right-hand sides 
written in less compact forms, in Refs. [H p. 261] and O p. 187]. 



^ It is stated in Refs. [4] p. 170] and [5l p. 144] that the domain of validity of the relation displayed in our Eq. 
1 12.911 . and also of the counterpart expression for Q'i{—x) in terms of Plf{x) and Q',i(x), is < x < 1. However, it is 
not difficult to show that if both relations hold on that interval, they must be valid for —1 < x' Sj as well. 



3 Evaluation of closed forms of some series involving the 
Gegenbauer polynomials and the associated Legendre 
functions on the cut 

Next, we shall draw inferences from the expansion (jl.5[) . approaching the limit z — ^ a: ± iO, with 
— 1 < a; < 1. As in the preceding section, we assmne that ReK < ^ (recall that the formula in Eq. 
(jl.Sp is a consequence of Eq. (|l.ip which in the limit discussed here loses its sense unless the above 
restriction is imposed on k). With the use of Eqs. (I2.ip . (|2.2I) and (|2.4I) . we arrive at 



n + X 



E 



A 

n=0 



Qn+X-l/2\^) T 2 ^n+A-l/2(^ 



C^it) 



^^r>±iL(i - :,2)(K-A)/2 X / (^ - 1)-^-'^' (-K t < X < 1) 



2A+i/2r(A + l)^ ^ " I e=Fi'^(''+i/2)(i-a;)-''-i/2 (_i < a; < t < i) 

(ReA> -i, ReK< i). (3.1) 

Hence, subtracting or adding the two relations embodied in Eq. p.ip . we deduce that 

CXI , 



n=0 



V^ ^1 ^2n(«-a)/2 ^ / (-l<t<a;<l) 



V-^ -(l-x2)(«-^)/2x( 

i)r(i-«)^ I 



2A-i/2r(A + l)r(i-«)^ ^ \ (t-a;) — 1/2 (-1< x < t < 1) 

(ReA > -i, ReK< i) (3.2) 



and 



^ V^r(^+^) _ 2A(K-A)/2 ^ / (^ - i)-'^-'/' (-K i < X < 1) 

2A+i/2r(A + i)^-' -^ ^ \ (t-a;)-«-i/2cos[^(K + i)] (-K x < i < 1) 

(ReA>-i, ReK< i). (3.3) 

If in Eqs. p.2p and p.3p we make the simultaneous replacements i — > — i and x — ^ — a;, we obtain 
two further summation formulas: 



E(-)"^^:;A-l/2(-^)GnW 



n=0 



(1 - x2)(«-^)/2 X I (^ " *)"''"'^' (-K t < x < 1) 



2A-i/2r(A + i)r(i-K)' ' [0 i-i<x<t<i) 

(ReA > -i, ReK< i), (3.4) 

E(-)"^Qn;A-i/2(--)c«w 

^ V^r(/.+ l) _ 2^(.-A)/2 ^ / (^ - i)-'^-'/' COs[^(aC + i)] (~1< i < X < 1) 

2^+i/2r(A + i)^ ' \{t-x)-^-^/^ {-l<x<t<l) 

(ReA > -i, RcK < i). (3.5) 

Some particular cases of the expansions p.ip - p.Sp . corresponding to specific choices of k and/or 
A, may be fountgl in Refs. [1 pp. 182-183], P- 166] and pp. 341-342]. 

^ In the second series in Sec. 4.5.4 in Ref. [31 p. 182], P''_ ,„(cosi?) should be replaced by P''_ , (— cosi?). In 
the first formula in Ref. T p. 183], the constraint x < cosi/p should be replaced by —1 < cos i^ < a; < 1. Moreover, 
it follows from our Eq. I|3.4| | that the latter formula is valid at least for Re u > —■^. 
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